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Given S
1 an orientation, then, an orientation is fixed for l(S 1 ) ⊂ T (k). l −1 denotes one same closed path which is opposite in direction with l. An orientation is given to l and g separately and an orientation ω is given to T (k). If x is a transversal crossover point of l and g, with l having tangent vector T (l) x on x is a transversal crossover point of l and g, with l having tangent vector T (l) x on x and g having tangent vector T (g) x on x, having tangent vector (T (l) x , T (g) x ) is opposite to ω of T (k),the definition (l · g) x = +1. If (T (l) x , T (g) x ) is opposite to ω of T (k), the definition (l · g) = −1. The number of the transversal crossovers l ·g of l and g is defined as the sum of the transversal crossovers number of all the transversal crossover points l·g = x (l · g) x The number of the transversal crossovers l·g is an invariant of homotopy.
l • g represents a new oriented closed path composed by two oriented closed paths. y may be assumed as the common point of l and g. l · g denotes a oriented closed path with y starting in the direction of g along g to return to the point of y and again returning to the point of y in the direction of l along l
The following relationship is established:
or an even number According to the well-known theory of the oriented differentiable closed 2-manifold, on the oriented differentiable closed 2-manifold T (k) with the genus k, there exist 2k 1-manifolds {α 1 , β 1 , α 2 , β 2 , · · · α k , β k } which satisfies the following conditions: 1) α i and β i {i = 1, 2, · · · , k} intersect transversally at one point. With i = j, α i ∩ β j = ∅, α i ∩ α j = ∅, β i ∩ β j = ∅ using the degree of self crossover of transverse and the degree of crossover of transverse for the expression, thus deriving the following:
d(α i , β i ) = +1, d(α i , β j ) = 0, i = j d(α i , α j ) = d(β i , β j ) = 0, for all i, j 2) Giving T (k) an orientation ω, and give an appropriate orientation to α i , β i (i = 1, 2, · · · , k), the following expression will result α i · β i = +1, and for i = j, α i · β j = 0 (1)
3) dimπ 1 (T (k)) = 2k, {α 1 , β 1 , α 2 , β 2 , · · · , α k , β k } are generators of π 1 (T (k)). With k ≥ 2,
is the non-trivial relationship of π 1 (T (k)), in which [α i , β j ] = α i β i α
4) With k = 2, π 1 (T (k)) is the commutative group. With k ≥ 2, π 1 (T (k)) is not the commutative group. Adopting δ, ε ∈ π 1 (T (k)) arbitrarily, [δ, ε] = δǫδ −1 ε −1 is called the commutator of δ, ε. All the commutators generate a normal subgroup [π 1 (T (k)), π 1 (T (k))] being called as subgroup of commutators. The quotient group π 1 (T (k))/[π 1 (T (k)), π 1 (T (k))] is a commutative group. {α 1 , β 1 , α 2 , β 2 , · · · , α k , β k } are generators of this commutative group and the generating element of the infinite order.
Theorem No. 1. ∀e ∈ [π 1 (T (k)), π 1 (T (k))], ∀l ∈ π 1 (T (k)), e · l = 0.
Proof. Letting δ, ε ∈ π 1 (T (k)), l ∈ π 1 (T (k)), [δ, ε] · l = (δεδ −1 ε −1 ) · l = δ · l + ε · l + δ −1 · l + ε −1 · l = δ · l + ε · l − δ · l − ε · l = 0 It may be learned from the definition of [π 1 (T (k)), π 1 (T (k))], ∀e ∈ [π 1 (T (k)), π 1 (T (k))], ∀l ∈ π 1 (T (k)), e · l = 0. QED ∀l ∈ π 1 (T (k)), {α 1 , β 1 , α 2 , β 2 , · · · , α k , β k } is a set of generators. Therefore, may be linearly expressed as modulo [π 1 (T (k)), π 1 (T (k))]
In which, a i , b i are adopted as integers. According to Expressions (1), (2) , Definition No.1, the following may be obtained:
Expression (3) may be written as
Theorem No.2 ∀l ∈ π 1 (T (k)), the linear representation (4) of l under modulo is unique.
Proof. As the numbers of transversal crossover
is an invariant of homotopy, the coefficient in Expression (4) is uniquely determined by l and the generators
The number of transversal crossover l · g of l and g may be expressed as
1) h gives the opposite direction of the oriented ω of T (k), h * (ω) = −ω 2) As for the automorphism h * : π 1 (T (k)) → π 1 (T (k)) derived by h and {α 1 , h * (α 1 ), · · · , α k , h * (α k )} is a set of generators for π 1 (T (k)).
The diffeomorphism h : T (k) → T (k) which satisfied the above-mentioned conditions is called as the self diffeomorphism of the cobordism, which has the following properties:
2) θ i and γ i are transversally crossed over at a point.
Using (α, β) to represent the set of generators
Now use the generators (α, β) to linearly represent (θ, γ) under modulo,
Use the generators (θ, γ) to linearly represent (α, β),
The square matrix of 2k order coefficient in Expression (9) is noted as R h , which is a characteristic matrix of modulo linear representation of (θ, γ) from (α, β) determined by the diffeomorphism h : T (k) → T (k). As (α, β) and (θ, γ) are both generators for π 1 (T (k)), so R h is a nonsingular matrix.
The square matrix of 2k order coefficient in Expression (10) is noted as R h −1 , which is a characteristic matrix of modulo linear representation of (α, β) from (θ, γ) determined by the diffeomorphism h −1 : T (k) → T (k). R h −1 is also a nonsingular matrix. Besides, R h and R h −1 forms a inverting matrix, R h R h −1 = E 2k (2k order unit matrix)
Using (α, β) to represent (α, θ) linearly under modulo,
As (α, θ) is a set of generators for π 1 (T (k)), so the square matrix of 2k order coefficient in Expression (12) is a nonsingular matrix, from which it may be learned that θ T · α is a nonsingular k order square matrix.
Using (α, θ) to represent α, θ linearly under modulo,
As (α, β), (α, β) are both generators of π 1 (T (k)), the two 2k order square matrixes derived from the left side of expressions (12), (13) are both invertible matrixes of integers. Therefore,
From which the following may be induced
For the determination of the coefficient matrixes R h and R h −1 in two expressions (9) , (10), it is also necessary to discuss the cobordism of the oriented 3-manifolds.
Definition No. 4. (W ; V 0 , V 1 ) is the triad combination of a smooth manifold. W is a compact smooth 3-manifold with the boundaries BdW being two both open and closed 2-manifolds V 0 , and V 1 which are disjoint 2-manifolds. S n−1 represents the boundary of the unit closed disk D n in R n ; and OD n represents the unit open disk in R n . Let (W ; V 0 , V 1 ) be a triad with Morse function f : W → R 1 and gradient-like vector field ξ for f . Suppose p ∈ W is a critical point, and V 0 = f −1 (0) and
is the only critical value in the interval [0, 1]. Define the left-hand sphere S L of p is just the intersection of V 0 with all integral curves of ξ leading to the critical point p. The left-hand disc D L is a smoothly imbedded disc with boundary S L , defined to be the union of the segments of these integral curves beginning in S L ending at p. The right-hand sphere S R of p in V 1 is the boundary of segments of integral curves of ξ beginning at p and ending in S R .
Theorem No.3 (W ; V 0 , V ) is a triad of an oriented smooth compact 3-compact; and The right-hand spheres S R (p 1 ), · · · , S R (p k ) of the critical points are also non-crossing 1-manifolds on V . β i only intercrosses with S R (p i ) at one point. The set of homotopy clases
is a set of generators of π 1 (W ), and π 1 (W ) is the free product of k infinite cyclic groups.
Proof. As W is an oriented smooth 3-manifold, so V is an oriented smooth 2-manifold. In W , there are k non-crossing characteristic embeddings,
) being taken as the non-crossing sum
Taking the equivalence as follows:
Thus obtaining an oriented smooth 2-manifold χ(V 0 , ϕ 1 , · · · , ϕ k ). Its genus is k. According to Theorem 3.13
First of all, it is possible to derive non-crossing closed 2-disk
Because D 3 may retract at one point, so existential deformation retractor of M is k circles with one common point. Obviously, π 1 (W ) = π 1 (M ), π 1 (W ) is the free products of k infinite cyclic groups. According to the definition of
[
is called as a group of standard generators of π 1 (W ). QED Giving W an orientation ξ, then, V ⊂ BdW has a definite orientation ω, the frame of the tangent vector (τ 1 , τ 2 ) on one point x ∈ V of V is of the positive orientation, representing that the 3-frame (ν, τ 1 , τ 2 ) in T W x is of the positive orientation, where ν is the tangent vector of W at the point of x, orientating towards the exterior of W . Giving 1-submanifolds α i , β i on V being oriented, which is made under the orientation ω of V ,
are critical points with the index 1, while
According to [1] Theorem 3.13there exists the diffeomorphism G : 
That is to say, G maintains the orientation of W and V . Corresponding to the diffeomorphism
Besides, there exists
This mapping of this homeomorphism is a smooth mapping apart from one point.
Theorem No.5 There are 2k 1-submanifolds on V = BdH 1
Expression (20) is termed as the product representation (α, β) of e; and and Expression (21) is called as the product representation (θ, γ) of e. Define two sets as follow:
If the numbers of occurrence α j and α Lemma No.3 Let e be an element of π 1 (V ). e can be expressed in the form
The necessary and sufficient condition for the homogenous occurrence α j in the product representation of e is e·β j = 0 and the necessary and sufficient condition for the homogenous occurrence of β j is e · α j = 0.
Proof. In case of the homogenous occurrence α j in Expression (22), as α j · β j = ±1, α j · α i = α j · β i = 0(i = j), α j · α j = 0, so when the numbers of occurrence of α j and α −1 j are the same, e · β j = 0, Conversely, if e · β j = 0, there exists a product representation (α, β) for e; and in the product representation, α j is not homogenous occurrence, then, e · β j = 0 is inevitable, which is not possible(Theorem No. 2). The second conclusion may be obtained by the same reason. QED Theorem No.6 Assuming l ∈ π 1 (V ), if at least one of these k integers l·α 1 , l·α 2 , · · · , l·α k is not equal to 0, then, l cannot retract at one point in H.
Proof. l has a linear representation (α, β) on the boundary V of W .
and a product representation (α, β),
As α i (i = 1, 2, · · · , k) may retract at one point in W , therefore, l and l 0 = σ 1 · · · σ m , σ ∈ (β) form a homotopy in W . in which the product representation σ 1 · · · σ m is the one with all the α i , α In Expression (23), if at least one of l · α 1 , l · α 2 , · · · , l · α k is not equal to 0, just assume l · α j = 0. Then, β j is not of the homogenous occurrence in Expression (24)(Lemma No. 2).Therefore, β j is not of the homogenous occurrence either in l 0 = σ 1 · · · σ m , σ ∈ (β). As π 1 (H) is the free product of k infinite cyclic groups , there does not exist the non-trivial relationship. Therefore, l 0 = 1 (unit element) cannot retract at one point in W . QED Theorem No.7 Assuming that (W ;
are critical points with the index 1, while q 1 , q 2 , · · · , q k are critical points with the index 2.
As
Adopting a positive number ε, ε < 1, letting
, 0] has a retract H 1 , therefore, π 1 (X) forms an isomorphism with π 1 (H) under the inclusion mapping Ψ : H → X; and π 1 (Y ) also forms an isomorphism with π 1 (H 1 ) under the inclusion mapping Ψ 1 : H 1 → Y . {β 1 , · · · , β k } is still a set of generators of π 1 (X); and {γ 1 , · · · , γ k } is also a set of generators of
Besides, when at least one number of γ i · α 1 , γ i · α 2 , · · · , γ i · α k is not equal to 0, γ i cannot retract at one point in X and H (Theorem No. 7) According to Van Kampen Theorem (see [2] ),
The following conclusion may be obtained: (See Expressions (9), (10))
Theorem No. 8 If W ∪ W ′ satisfy the conditions of the theorem 8, then
In which, −θ
} be a set of homotopy classes and
is generated by θ 1 , · · · , θ k and there exist a permutation σ of (1, 2, · · · , k) such that {θ
be the left-hand spheres. Then every element g ∈ G(θ) that the group G(θ) is generated by
is the free product of k infinite cycle groups, every element of β i (W, V ) can be homotopic to β i in W and
, then e · β j = 0(∀j) are obtained from e ∈ G(θ). On the other hand, for each i, we have
If k = 1, then π 1 (V ) is a commutative group, so θ = −(θ·α)β and γ = (γ·β)α are hold. As θ ·γ = −1 and α·β = 1 under the orientation ω of the 2-manifold V . hence −(θ ·α)(γ ·β) = 1 from which θ = β ±1 and γ = α ±1 are derived. It is clear that
are all 2-discs, and
expresses in the form
here σ is a permutation of 1, 2. · · · , k. Not losing the general, we may suppose σ(j) = j, so we have
Because θ i · γ i = −1(i = 1, 2, · · · , k) under the orientation ω of V , so γ i can be expresses in form
Let e be one element of β i (W, V ) ∩ G(θ), then e can be expressed in the form
where x 1 , x 2 , · · · , x m be one element of {θ 1 , θ 2 , · · · , θ k } such that any two successive elements are different, and λ 1 , λ 2 , · · · , λ m are nonzero integers, positive or negative. On account of π 1 (V ) is the quotient of the free group on the generators {θ 1 , γ 1 , · · · , θ k , γ k } modulo the normal subgroup generated by the element
is the free group of k infinite cycle groups, here the group G(θ i ) generated by θ i is the infinite cycle group. We see that the element e of the free group G(θ) can be expressed uniquely in the form (30).
θ i can be expressed in form
On account of the group G(β) is the free product of k infinite cycle groups and Proof. In V 0 , it may be assumed that S and S L (q) have just m = d(S, S L (q)) > 0 transversal crossing points x 1 , x 2 , · · · , x m and l i is one of curve segments {l 1 , l 2 , · · · , l m } on S running through x i without mutual intercrossing. Then, l i and S L (q) are just transversally crossed at point x i . Using J(y)), y ∈ l i to denote the gradient curve via y, as
is a left-hand 2-disk of q, and each point y ∈ (D L (q) − q) is in one gradient curve running towards the critical point q, so J(x i ) is a gradient curve from x i to q. As for each point y ∈ (l i − x i ), J(y) does not run through the critical point. Because q has an index 2, the right-hand disk D R (q) of q is a 1-diskD R (q) ∩ V = {a, b} is a set consisting of two points, so the image J(l i ) ∩ V of the gradient curve family J(l i ) is two curve segments. Thus, J(S) ∩ V is not a closed path in V . Any one closed path s ∈ [S] and D L (q) in V 0 at least has m crossing points; therefore, J(s) ∩ V is not a closed path in V . QED Lemma No.5 (W ; V 0 , V ) satisfies the conditions of lemma 4. Then, any one of the closed paths S on V may be homotopic onto 
has exactly the critical point p i ; (W 2 ; V 2 , V ) has exactly the critical points {p j |j = i} on the same horizontal plane; (W 3 ; V, V 4 ) has only one critical point q i and (W 4 ; V 4 , V 5 ) has exactly the critical points {q j |j = i} on the same horizontal plane. since (
It is clear that V 2 with genus 1 is an oriented 2-manifold and π 1 (W 1 ) with the generators [β i ] is the infinite cycle group.
. On the other hand, β i ⊂ V 2 can be homotopic onto V (Lemma 5) and for every element [e] ∈ β i (W 2 , V ), the closed path s ∈ [e] can be homotopic onto 
× ε intercross transversally at two points p ′ , q ′ , on which two smooth segmental arcs C 1 × ε and C ′ 1 × ε encircle a open 2-disc E such that D ⊂ E. As 2-disc D is simply connected, so E is also simply connected. As the boundary BdE = (C 1 × ε) ∪ (C ′ 1 × ε) only has two corners p ′ , q ′ , so slight perturbation within a small neighborhood of p ′ , q ′ may obtain the smooth boundary S. The simply connected area encircled by S is still noted as E such that D ⊂ E. The closure E = E ∪ S is a simply connected, smooth 2-manifold with a boundary. Therefore, E is diffeomorphic to the unit
As a rssult, L and S = BdE intercross transversally at two points {x 1 , x 2 }. L ′ and S = BdE intercross transversally at two points {y 1 , y 2 }. Besides, L excises E into two simply connected closed regions Q 1 , Q 2 ; and L excises E into two simply connected closed regions Q
L and L ′ just have two points of transversal cross-over p, q and and the numbers of the transversal cross-over are +1 and -1 respectively, therefore, a straight-line section γ may be obtained in D 2 , γ ∩ BdD 2 = {a, b}. a, b excise the boundary S 1 = BdD 2 into two segmental arcs S 1 , S 2 , resulting in Ψ(x 1 ), Ψ(x 2 ) ∈ IntS 1 , Ψ(y 1 ), Ψ(y 2 ) ∈ IntS 2 .Adopting one point o ∈ γ ∪ OD 2 and a vector field
and satisfies the following property:
Then, δX is a smooth vector field on the unit 2-open disk. A diffeomorphism Γ : OD 2 → R 2 may be determined from the vector fields X and δX, resulting in the correspondence of the orbit of δX on OD 2 with that of X on R 2 . Letting g = Γ • Ψ : E → R 2 , then g is a mapping of the diffeomorphism. g(D) is a compact subset of R 2 . The adoption of the coordinate system (X, Y ) on R 2 such that Γ(γ) coincide with the X axle; g(Q 1 ) ∩ R − and g(Q ′ 1 ) ∩ R + are the compact subset. Assuming − → e = (0, 1) a unit vector. Adopting a point x ∈ g(Q 1 ), l(x, t) = t − → e | x , (t ∈ R + ) representing a ray on R 2 with x as the starting point. It may be learned from the compactness of g(Q 1 ) ∩ R − and g(Q ′ 1 ) ∩ R + and the properties of the straight-line section γ excising the terminal points of Ψ(L) and Ψ(L ′ ) that there exists a closed segment L 0 on L (with L and L 0 having no common terminal point), resulting in x ∈ g(L − L 0 ) with relation to any arbitrary point; and the following expression of the relation is established:
is a bounded open set; and there exists a positive number B such that {l(x, B)|∀x ∈ g(U )} ∩ g(Q ′ 1 ) = ∅ As with relation to any positive number t 0
is a translation, thus, it is a diffeomorphism, hence
Adopt a Riemann metric (T (k), ds 2 ) on T (k). Besides, adopt the constant vector field X 0 of − → e = (0, 1) on R 2 . Then, as for ∀x ∈ R 2 , l(x, t), t ∈ R + is just the orbit of X 0 . As
X 0 is a bounded vector field under the Reimann metric on F (U × [0, B] ). According to [3] theorem 1.4(P180), it may be learned that there exist an isotopy h t (0 ≤ t ≤ 1) with the compact support set, which is equal with F in a neighborhood of l 0 × [0, B]; and outside this neighborhood, the points remain unmovable. h t is just the isotopy for derivation.
. Then, there exist finite diffeomorphisms which are isotopied to identity, resulting in θ 1 ∩ α j = ∅(j ≥ 2).
Proof. α j ⊂ Intχ(B j , ϕ j ) is a 1-manifold. If θ 1 crosses with α j (j ≥ 2), it may be assumed that they are transversely intersect. As d(θ 1 , α j ) = 0(j ≥ 2), so θ 1 and α j have intersect points {x ji , y ji |i = 1, · · · , r j } and r j is an even number. Therefore, 1-manifold θ 1 is excised into r j curve segments {l j1 , · · · , l jrj } by α j , here l jh (0) ∈ {x ji |i = 1, · · · , r j }, l jh (1) ∈ {y ji |i = 1, · · · , r j }. Besides, α j is excised into r j curve segments {g j1 , · · · , g jrj } by θ 1 such that g jh (0) ∈ {x ji |i = 1, · · · , r j }, g jh (1) ∈ {y ji |i = 1, · · · , r j }. As d(θ 1 , α j ) = 0(j ≥ 2), α i ∩ α j = ∅(j = i), so there exist l ja , g jb which can encircle a 2-disk D in T (k), resulting in IntD ∩ (θ 1 ∪ α 2 ∪ · · · ∪ α k ) = ∅. According to lemma 6, there exists an isotopy h t , (0 ≤ t ≤ 1), the isotopy remains near the points of θ 1 ∩ (α 2 ∪ · · · ∪ α k ) − {x ja , y jb } unmovable and h 1 (θ 1 ) ∩ α b = θ 1 ∩ α b − {x ja , y jb }. Therefore, there exist finite isotopies, resulting in θ 1 ∩ α j = ∅(j ≥ 2). On the other hand, after isotopying,
satisfy the conditions of theorem 7, then it may be expressed as Proof. According to Theorem 10 and Lemma 6, there are the isotopy such that
is derived on the basis of Smale's theorem on rearrangement of critical points. In U 1 , S L (q 1 ) · S R (p 1 ) = ±1. As V 1 is simply connected and only has a critical point p 1 In C 1 , so U 1 is a 2-manifold with the genus 1. C ′ 1 only has a critical point q 1 and the characteristic embedding corresponding to q 1 is ϕ :
. If S L (q 1 ) excises U 1 into two 2-manifolds, then for every closed path l, S L (q 1 ) may satisfy the equation S L (q 1 )·l = 0. As S L (q 1 )·S R (p 1 ) = ±1, so S L (q 1 ) cannot excise U 1 , from which it may be learned that V 2 is an oriental and connected 2-manifold. In (C ′ 1 ; V 2 , U 1 ), λ(q 1 ) = 1, assuming the genus of V 2 is g, then, the characteristic embedding corresponding to q 1 is ρ : S 0 × OD 2 → V 2 and the genus of
It is known that the genus of U 1 is 1, thus g = 0, 
According to the nature of W 1 W ′ 1 , it is possible to alter the gradient vector field and rearrange the critical points, resulting in 
is the product manifold. Proof. As V 1 ∼ = S 2 and λ(p) = 1, so V is an oriented 2-manifold with the genus 1,
It may be assumed that S R (p) has a path lifting L 0 with the origin as the starting point; and the ending point is (a, b), a, b being two integral numbers ((a, b) = (0, 0)). Then, all the path liftings of S R (p) with (na, nb) (n being adopted as all the integral numbers) as the starting point make up a smooth curve L in R 2 . L excises R 2 into two connected areas. As S L (q) · S R (p) = ±1, it may be assumed that they are transversely intersect with crossover points {x 1 , · · · , x r } (r is an odd number). Adopting one point y ∈ S L (q), {y} ∩ {x 1 
Then, there are two curve segments l λ , g µ which encircle a 2-disk, resulting in l λ ∩ g µ = {x
. According to lemma 6, there exists an isotopy h t (0 ≤ t ≤ 1), the isotopy remains near the points of
Using the finite number of isotopy may enable L ′ and L to just have one intersect point. Ψ : R 2 → S 1 × S 1 = V may bring these isotopies into V , enabling S R (p) and S L (q) to have only one crossover point. According to [1] Theorem 5.4(First cancellation theorem), it is possible to alter the gradient vector field, resulting in a Morse function
is an oriented smooth 3-manifold and W ∪ W ′ , V 1 , V 2 are all simply connected. There are k critical points p 1 , · · · , p k , λ(p) = 1 in (W ; V 1 , V ) and them are on one same horizontal plane. There are k critical points q 1 , · · · , q k , λ(p) = 1 in (W ′ ; V, V 2 ) and them are on one same horizontal plane. Then
Proof. According to Theorem 9 and Theorem 10, there exists a Morse function f without any critical points on
3 is a simply connected and compact smooth 3-manifold, f :
are the critical points of f ; moreover,
Then, x 0 is a critical point (minimum value point) with the index 0; x n+1 is a critical point (maximum value point) with the index 3. Adopting two regular values a, b of f such that
is a triad combination of the oriented 3-manifold, W, V 0 , V 1 are all simply connected. Therefore,
It is possible to assume the Morse function of self-indexing of f on W ([1]), [2, 3] are both 3-discs, it is evident that M 3 is homeomorphic to S 3 . Moreover, M 3 is a twisted 3-sphere. M 3 is diffeomorphic to S 3 since every twisted 3-sphere is diffeomorphic to S 3 (Smale [3] , Minkres [4] ). QED
